INTRODUCTION
Elastohydrodynamics (ref. 1 ) is defined as the study of situations in which elastic deformation of the surrounding solids plays a significant role in the hydrodynamic lubrication process. This report is not concerned with the hydrodynamic lubrication process, but only with deformation due to the pressure of one elastic solid upon another.
Reference 1 distinguishes between two modes of deformation which may exist in machine elements. In one mode, the contact geometry may be affected by overall distortion of the elastic machine element resulting from applied loads, as shown in figure 1(a). In the other, the normal stress distribution in the vicinity of the contact zone may produce local elastic deformations which are significant when compared with the lubricant film thickness, as shown in figure 1(b) . This is the mode of deformation with which this report concerns itself. The important distinction is that the first form of deformation is relatively insensitive to the distribution and magnitude of the stresses in the contact zone, whereas the second mode of deformation is intimately linked to the local stress conditions. * Professor of Mechanical Engineering, Leeds University, Leeds, England.
Before the deformation can be evaluated, the geometry of the contacting elastic solids and the semimajor and semiminor axes of the contact ellipse must be defined. The analysis is developed in general form since it will ultimately form the basis for calculations of surface deformation in elastohydrodynamic point contacts. But in order to evaluate the influence of mesh or block size upon accuracy, the numerical investigation considers only Hertzian contact stress distributions.
The deformation analysis itself assumed that the contact zone can be divided into rectangular areas and that the pressure is uniform within each rectangular area. Once the elastic deformation had been formulated, investigations were performed to answer the following queries:
(1) How fine do the semimajor and semiminor axes need to be divided to achieve a given accuracy in deformation prediction?
(2) How far from the center of the contact does deformation become insignificant compared with the separation of solids ? These questions were investigated for both light and heavy applied loads and for both equal spheres in contact and a contact that is common to the outer race of a ball bearing. fig. 2 the radius of curvature is denoted by r.) In the analysis which follows it was assumed that for convex surfaces as shown in figure 2 the curvature is positive but that for concave surfaces the curvature is negative.
The curvature sum and difference are defined as
where
R rAy rBy
When a normal load is applied to the two solids in figure 2 , the point expands to an ellipse with a as the semimajor axis and b as the semiminor axis. The normal applied load F in figure 2 lies along the axis which passes through the center of the solids and through the point of contact and is perpendicular to a plane which is tangential to both solids at the point of contact. For the special case where rAy = rAx and r Bx rBy , the resulting contact is a circle rather than an ellipse.
The elliptical eccentricity parameter k is defined as k =a (5) b From reference 2 the eccentricity parameter k can be written to relate the curvature difference and the elliptic integrals of the first and second kind as
k2A sin A one-point iteration method, which has been used successfully in the past (ref.
3) was used, where
When the elliptical eccentricity parameter k is known, the semimajor and semiminor axes of the contact ellipse can be written as
where W is the load parameter and is defined as In the previous section the general geometry of two ellipsoidal solids in elastic contact was summarized. In the subsequent analysis it will be convenient to consider the deformation of an equivalent elastic half-space subjected to a Hertzian pressure distribution over the ellipse of semimajor and semiminor axes, a and b, as previously defined. The resulting elastic deformation can be considered to be equivalent to the total deformation of two elastic ellipsoids having elastic constants EA, vA and EB, vB, respectively, if the half-space is allocated the equivalent elastic parameter E' defined by equation (13) .
Once the semimajor and semiminor axes of the contact ellipse have been defined, the elastic deformation which occurs inside and outside the contact zone can be evaluated. The elastic deformation at a point (X, Y) due to the uniform pressure over the rectangular area 2N x 2b is thus
Integrating the preceding equation gives
As a check on the validity of equation (14) 
Equation (17) represents the elastic deformation at the corner of a square of uniform pressure. This equation is also in agreement with that in reference 4. From equations (16) and (17) we find the corner deformation to be one-half the deformation at the center of a square block of pressure. Now W in equation (14) represents the elastic deformation at a point (X, Y) due to a rectangular area 2a x 2b of uniform pressure p. If the contact ellipse is divided into a number of equal rectangular areas, the total deformation at a point (X, Y) due to the contributions of the various rectangular areas of uniform pressure in the contact ellipse can be evaluated numerically. Figure 4 shows how the area inside and outside the contact ellipse may be divided into a number of. equal rectangular areas. For purposes of illustration the contact was divided into a grid of 6 x 6 rectangular areas. The effects of the fineness of this grid are discussed in the section COMPUTER PROGRAM. Figure 4 can be used to write the total elastic deformation at any point inside or outside the contact ellipse, caused by the rectangular areas of uniform pressure within the contact ellipse, as 6 6
Note that D1, 1 would be D in equation (15) evaluated at X = 0, Y = 0, while D2, 3 would be evaluated at X = b, Y = 2a. We assumed the pressure within the contact ellipse to be Hertzian. Therefore, for the coordinate system of figure 4 the dimensionless pressure is
The pressure outside the contact was assumed to be zero. Therefore, for example, from figure 4, P3, 4 would be equivalent to the dimensionless pressure P from equation (21) evaluated at X = 5b and Y = 7a. Equation (22) points out more explicitly the meaning of equation (18). The elastic deformation at the center of the rectangular area w9, 5 (shown in fig. 4 
FILM THICKNESS
The distance separating the two undistorted solids shown in figure 2 , for the coordinate system developed in figure 4 , can be written as
It has been found in reference 5 and elsewhere that the distance described in equation (23) can be approximated by
The degree to which equation (24) represents the distance expressed in equation (23) is determined by the ratio
The total film thickness when a contact zone is elastohydrodynamically lubricated can be written as
where h central film thickness due to elastohydrodynamic lubrication o S film thickness due to geometry of contacting solids w elastic deformation inside and outside contact region
The significance of the elastic deformation relative to the film thickness due to the geometry of the contacting solids can be expressed as
S COMPUTER PROGRAM Figure 4 shows that we need to be concerned with the following questions:
(1) How fine must the divisions of a and b be ? We assume that the number of divisions of a and b will be the same. Therefore, we can define the number of divisions as
In this report we let m = 3, 4, and 5.
(2) How far from the semimajor and semiminor axes does R 2 (eq. (27)) become insignificant? In this study R 2 was evaluated at distances from the center of the contact of four times the semimajor and semiminor axes.
In order to check the accuracy of the elastic deformation results for m = 3, 4, and 5, the number of equal divisions along the semimajor and semiminor axes was increased by three times (m = 9, 12, and 15), and then corresponding points were compared. The following equation describes the percentage accuracy of the results compared with the finest-mesh-size predictions:
The limiting conditions that were evaluated on a computer are shown in table I. It was speculated that conclusions which could be made for these limiting conditions could also be made for any intermediate conditions. The four limiting conditions shown in table I are two extremes of applied normal load, a light load of 8. 964 newtons (2 lbf) and a heavy load of 896. 4 newtons (200 lbf). The two extremes of curvature of the solids shown in table I are equal spheres in contact and a ball and outer race of a ball bearing. The elliptical eccentricity parameter (k = a/b) for the equal spheres in contact is 1 and for the ball and outer race it is 5.
The equations thus far developed were programmed on the Leeds University Internal Computers Limited (ICL) model 1906A digital computer.
DISCUSSION OF RESULTS
Tables II to XIII give the characteristics of the deformed shape of the contacting solids along the semimajor and semiminor axes when the axes are divided into three, four, and five equal divisions and the dimensionless load parameter is equated to 0.2102x10 -7 , 0.5105x10 -7 , 0.2102x10 -5 , and 0. 5105x10 -5 . Some observations can be made about these tables:
(1) Because of the coarse grid and the elliptical pressure profile, there is not much decrease in pressure in going from the innermost to the outermost point within the contact area.
(2) The agreement of S with S is seen to be good and is borne out by the ratio of the two expressed in terms of R 1 . The biggest disagreement is seen in table VII where R 1 = 0. 9870, which means that S is in agreement with S within 1.3 percent. Because of this good agreement, S will be used in defining the film thickness.
(3) The ratio R 2 of the elastic deformation to the film thickness due to the geometry of the contacting solids is seen to decrease substantially with increasing distance from the center of the contact zone. Furthermore, the predictions of the distance at which the elastic deformation becomes insignificant compared with the natural separation of the solids do not change whether we have two equal spheres or a sphere and an outer race in contact.
(4) The separation due to the geometry of the contacting solids plus the elastic deformation (S + w) is very close to being constant in the contact zone. The value of S + w at the farthest point from the center of the contact zone and yet still in the contact zone differs the most from the other values of S + w in the contact zone, increasing slightly.
(5) The percentage difference in surface deformation calculations for two mesh sizes differing by a factor of 3 was shown to be small. For the worst case shown in table XI, R 3 was found to be equal to 7. 494 percent. That is, the surface deformation for m = 3 differs from the film shape at corresponding points when m = 9 by 7. 5 percent, which is extremely good. (6) Comparing tables II with V, III with VI, and so forth, which amounts to changing the normal applied load from 8. 964 newtons (2 lbf) to 896. 4 newtons (200 lbf), leads to the following conclusions: (a) R 2 does not change in the corresponding tables. That is, regardless of the normal applied load, the ratio of the elastic deformation to the natural separation of the solids is unchanged.
(b) R 3 does not change in the corresponding tables. This condition is undoubtedly because of the condition mentioned in (a). In order to better illustrate the results shown in the tables, figures 5 to 9 are presented. In figures 5 to 7 the solid curves represent the case of equal spheres in contact, which is represented by R x = Ry = 0. 5558 centimeter (0. 2188 in. ); and the dashed curves represent the ball and outer race in contact, which is represented by R x = 1. 284 cm (0. 5055 in.), Ry = 15. 00 cm (5. 906 in.). Also as a result of the observation made in discussing the tables that R 2 and R 3 are not functions of the normal applied load, the results shown in figures 5 to 7 apply for any normal applied load.
Figures 5(a) and (b) show the effects of the location along the semimajor and semiminor axes, respectively, on the percentage difference in elastic deformation when m = 3 and 9. Here an "edge effect" can be seen, which is a rapid rise in percentage difference in the film thickness when m = 3 and for corresponding points when m = 9. This rapid rise is due to the pressure being either zero if the center of the rectangular area shown in figure 4 is outside the contact zone or of order 105 if the center of the rectangular area is within the contact zone. However, it is speculated that in lubricated contacts, where the pressure gradients are, in general, more gradual than those encountered near the edge of a dry Hertzian contact, this edge effect is likely to be less significant. Also note that outside the contact zone the value of R 3 decreases.
Figures 6(a) and (b) show the effect of the location along the semimajor and semiminor axes, respectively, on the percentage difference in elastic deformation when m = 3, 4, and 5 and the more exact elastic deformation when m = 9, 12, and 15. These figures show a large drop in R 3 from m = 4 to m = 5, which also brings down the edge effect considerably. There is, therefore, a good case for letting m = 5 in any further computer evaluations.
Figures 7(a) and (b) show the effect of the location along the semimajor and semiminor axes, respectively, on the ratio of the elastic deformation to the distance separating the two solids in contact due to the geometry of the solids. These figures show the effect that the shape of the contact zone has on the distance from the semimajor and semiminor axes at which the elastic deformation becomes insignificant. To be more specific, from the curves we see that for equal spheres in contact (represented by solid lines in the figures) R 2 < 0. 05 corresponds to x > 2. 6 b and y > 2. 6 a. Thus, the elastic deformation is less than 5 percent of the film shape due to the geometry effects at a distance from the center of the contact zone that is no less than 2. 6 times the semi-major or semiminor axis. For the ball and outer race in contact, R 2 < 0. 05 corresponds to y > 1.9 a and x > 4. 0 b. In other words, the elastic deformation is less than 5 percent of the film shape due to geometry effects at a distance of only 1. 9 times the semimajor axis and 4. 0 times the semiminor axis from the center of the contact zone.
Figures 8(a) and (b) show the effect of the location along the semimajor and semiminor axes, respectively, on the separation due to the geometry of the contacting solids plus the elastic deformation when the dimensionless load parameter is 0. 2107x10 -7 0.5105x10-7 , 0. 2107x10 -5 , and 0. 5105x10 -5 . These figures show the film shape to be constant within the contact zone. Figure 9 shows the effect of the number of divisions across the ellipse axes on the computer time for running all four conditions shown in table I. Here we see that the computer run time quickly becomes exorbitant as m is increased. This is why only selected data for R 3 were obtained.
CONCLUSIONS
A numerical analysis of the surface deformation of two contacting ellipsoidal solids has been performed. The analysis assumed that the pressure in the contact zone was Hertzian. It was also assumed that the contact zone could be divided into rectangular areas with uniform pressure within each rectangular area. The resulting equations were programmed on a digital computer. Four limiting conditions were evaluated on the computer. They consist of two extremes of applied normal loads, a light load of 8. 964 newtons (2 lbf) and a heavy load of 896. 4 newtons (200 lbf). The two other extremes are of the curvature of the contacting solids: two equal spheres in contact, and a ball and outer race of a ball bearing. It was speculated that conclusions which could be made for the limiting conditions could also be made for any intermediate condition.
The results indicate that division of the semimajor and semiminor axes into five equal subdivisions is adequate to obtain accurate elastic deformation results. It was also found that the elastic deformation becomes insignificant compared with the normal surface separation for two equal spheres in contact at a distance from the center of 2. 6 times the semimajor axis. For a ball and outer race in contact, it was found that a similar observation applied at a distance from the center of 1.9 times the semimajor axis and 4. 0 times the semiminor axis. Finally, it was found that the separation due to the geometry of the contacting solids plus the elastic deformation (S + w) was almost constant in the contact region. However, numerical values of S + w at points near the edge of the Hertzian contact show that a slight edge effect or error may be encountered in such regions. In lubricated contacts, where the pressure gradients are, in general, ---- Figure 7. -Effect of location along semimajor and semiminor axes on ratio of elastic deformation to distance separating two solids in contact due to geometry of the solids. . 
